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Given an absolutely irreducible horizontal hypersurface Z in a projective space
over the ring of integers R of a number field, we give an explicit bound for the
product of the norms of the prime ideals of R over which the fibre of Z becomes
reducible. This bound is given as a function of a projective height of Z and is
obtained using arithmetic intersection theory, in particular, an arithmetic Be zout
theorem.  2000 Academic Press
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INTRODUCTION
Let f (X) # Z[X0 , ..., Xs] be a primitive homogeneous polynomial of
degree d. A Bertini-type result says that if f is absolutely irreducible over
Q, then f modulo p is also absolutely irreducible for all but finitely many
primes p. For example, the polynomial X 20+X0X1+X0 X2+X
2
1+X1X2+
X22 is absolutely irreducible over Q and over Fp for p>2, but is reducible
over F4 . Another example is given by Ruppert in [12] in the form of an
absolutely irreducible polynomial (K=Q, s=2, d=10) with small integral
coefficients that is reducible modulo a prime p>1017. A natural question
that arises is whether we can bound the primes for which the absolute
irreducibility does not hold. This was done at the beginning of the 20th
century using elimination theory. In [13], Schmidt gives a clear account of
a theorem (plus proof) by Noether and a corollary which he attributes to
Ostrowski bounding these primes (see also [10] and [11]). In this paper
we give a geometric turn to the question and improve those results using
arithmetic intersection theory.
Let K be a number field with the ring of integers R and ZK be an
absolutely irreducible hypersurface of degree d in PsK (s, d2), whose
Zariski closure in PsR we denote by Z. One can show that the fibre Zk( p)
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is also absolutely irreducible for all but finitely many prime ideals p of R
(Proposition 1.6).
We want to bound the (product of the) norms of the prime ideals p of
R for which the fibre Zk( p) is not absolutely irreducible in terms of the pro-
jective height of Z, as defined in [2] (see also [12] for K=Q, s=2). In
this paper, using arithmetic intersection theory, we solve for any fixed n<d
the analogous problem obtained by replacing ‘‘absolutely irreducible’’ by
‘‘does not contain a hypersurface of degree n’’ (Theorem 1.8). The key idea
in the proof of 1.8 is the fact that the horizontal hypersurfaces of degree n
in Ps are parametrized by a projective space (Proposition 1.3). In view of
this, the proof of Theorem 1.8 becomes a straightforward application of
an arithmetic Be zout Theorem (for nonproper intersections) given in [2],
which reduces it to bounding degrees and heights of specific cycles in terms
of the data provided.
This paper is based on the last chapter of my Ph.D. thesis [3]. Originally,
the result was used to find a hyperplane in PsR whose intersection with a
given horizontal hypersurface Z was still horizontal, with height explicitly
bounded in terms of the height of Z.
I thank Jean-Beno@^t Bost for bringing the work of Noether and Ostrowski
to my attention.
1. THE PROBLEM
1.1. Definition. Given a scheme S and a locally free OS -module E of
finite rank s+1 (s0), let P(E)=ProjS(Sym(E6)) be the associated space
of lines, where E6 denotes the dual sheaf of E, and let ?S denote its
structural morphism. The space P(E) represents the functor which sends an
S-scheme T to the set of locally free submodules of ET of rank one with
locally free quotient.
1.2. Definition. Let T be a scheme and E a locally free OT-module of
finite rank s+1 (s0). We define a horizontal hypersurface in P(E) to
be a relative Cartier divisor on P(E), i.e., an effective Cartier divisor on
P(E) which is flat over T. An example is the hypersurface Z defined in the
Introduction, in particular, any hypersurface in PsR defined by a primitive
polynomial (whose coefficients generate the unit ideal) over R.
We have the following result concerning horizontal hypersurfaces.
A proof follows directly from the definitions.
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1.3. Proposition. Let S be a scheme and E a locally free OS-module of
rank s+1 (s0). The contravariant functor
HypE, d : SchS  Sets
T [ [horizontal hypersurfaces of degree d in P(ET)],
where SchS is the category of schemes over S, is representable with the
representing scheme P(Symd (E6)).
1.4. Definition. Henceforth we will say that a horizontal hypersurface
Y of degree d in P(ET) corresponds to an element , of P(Symd (E6))(T ) if
Y is the image of , under the isomorphism of functors HypE, d $
P(Symd (E6)).
1.5. Example. Suppose that S=Spec(B) and that E is free of rank s+1.
Then HypE, d is represented by PMdS , where Md=(
s+d
d )&1. Let T=Spec(A)
be an S-scheme, and let Y be a horizontal hypersurface in PsA , defined by
a primitive polynomial F(X0 , ..., Xs) with coefficients ci in A. The associated
morphism ,: Spec(A)  PMdB is determined by ,*(ti)=ci , where t0 , ..., tMd
are the global sections of OPB
Md (1) corresponding to the coordinates on PMdB .
In the other direction, we know that giving a morphism ,: Spec(A)  PMdB
is equivalent to giving the line bundle L=,*OP BMd (1) together with
global sections s0 , ..., sMd which generate it. If we choose an affine open
covering [Ui] i # I such that L| Ui is trivial for all i, the restriction of the
associated horizontal hypersurface to Ui is defined by the polynomial
Fi (X0 , ..., Xs)=s0 |Ui X
d
0+s1|Ui X
d&1
0 X1+ } } } +sMd | Ui X
d
s .
1.6. Proposition. Let K be a number field with ring of integers R and
ZK be an absolutely irreducible hypersurface of degree d in PsK (s, d2)
whose Zariski closure in PsR we denote by Z. The fibre Zk( p) of Z over a
prime ideal p of R is absolutely irreducible for all but finitely many prime
ideals.
Proof. Consider, for n=1, ..., [(d+1)2], the morphism ,n : PMnR _
PMd&nR  P
Md
R , where Mx=(
s+x
s )&1, corresponding to taking the union of
two hypersurfaces of degrees n and d&n in order to obtain one of degree
d, and let Wn denote its (scheme-theoretic) image. Let W denote the union
of the Wn . Let Z$/PMdR be the image of the element of P
Md
R (R) correspond-
ing to Z. The intersection of W and Z$ is a finite set of closed points. The
image of this set under the structural morphism of PMdR consists of the
prime ideals p of R for which Zk( p) is not absolutely irreducible. This image
is also finite, which proves the proposition. K
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1.7. Remark. For Q this result is already mentioned by Ostrowski in
[11]. Noether gives a proof for number fields in [10] using explicit
relations between the coefficients of polynomials (see also [13] and
Remark 1.11). A more general statement, concerning morphisms of finite
presentation, can be found in [7, Theorem 9.7.7] (see also [8, Theorem 4.10]
in the Noetherian case). We include our proof for its geometric character.
1.8. Theorem. Let ZK be a hypersurface of degree d in PsK (s, d2), Z
its Zariski closure in PsR , and n # [1, ..., s&1] an integer such that ZK does
not contain any hypersurface of degree n. Let PMdR be the projective space
parametrizing the horizontal hypersurfaces of degree d in Ps. Let Q1 , ..., Qv
be the distinct closed points of PMdR corresponding to the fibres of Z over R
which contain a hypersurface of degree n, and let qj be the image of Qj in
Spec(R) (1 jv). Setting
Mx :=\s+xs +&1 for x # N,
f (s, n, d ) :=\Mn+Md&nMn + } {
1
2
1
if n=
d
2
else,
c(s, n, d ) :=(s+1)d 2Md+1
_\(d+1)3(s+1) (Mn+1)(Md&n+1)Mn+Md&n+1 +
Mn+Md&n+1
,
we have
:
v
j=1
log |K(Qj)|= :
v
j=1
log N(qj)
 f (s, n, d ) \hK (Z)+[K : Q]2 log c(s, n, d )+ ,
where hK is the projective height associated to the standard Hermitian metric
on Rs+1, as defined in [2, 4.1.1] (see also [4, 2.1.5]).
1.9. Example. Let K=Q, s=d=2, and n=1. By the theorem, we
have
:
v
i=1
log pi3hQ (Z)+ 1712 log(3)+9 log(2)&
15
2 log(5)<3hQ (Z)+89.
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If Z is defined by a primitive polynomial F with coefficients ai in Z, then
the inequality hQ (Z)3+log( i |ai | ) [2, (3.3.1) and (4.1.2)] gives
:
v
i=1
log pi<3 log(H(F ))+103,
where H(F )=maxi |ai | is the height of the polynomial F. Of course, in this
situation we can also study the reducibility of F using elementary methods,
resulting in the stricter inequality vi=1 log pi3 log(H(F ))+log(16).
Note, however, that this does have the same factor in front of the height
term.
1.10. Corollary. Let f (X) # Z[X0 , ..., Xs] be primitive, homogeneous
of degree d. Let & f & denote the sum of the absolute values of the coefficients
of f. There exists a function K : Z2  R such that if f is absolutely irreducible
over Q, then for any prime p with
p>K(s, d ) & f &4
Md&1+1,
f mod p is absolutely irreducible over Fp .
1.11. Remarks. (a) As noted in the Introduction, Ruppert studies
the case K=Q, s=2 (and d arbitrary) in [12], giving a bound of the type
given in the corollary. To obtain this bound, Ruppert relates the reduci-
bility to the existence of polynomials satisfying a given equality of closed
1-forms. The resulting bound is stricter than the bound we find here,
namely O(H(Z)2mn+n&1), when H(Z)=exp(hQ (Z)) goes to infinity, where
m (resp. n) is the degree of f in x (resp. y). Moreover, in [12], Ruppert
expects that the best exponent in his setting will be smaller than
2mn+n&1, though not smaller than 2m. The growth of the bound we find
here follows from 1.10. The proof of Theorem 1.8 seems to imply that a bet-
ter growth cannot be obtained using the method presented in this article.
However, Theorem 1.8 has the advantage of providing a bound for
arbitrary s, and not only for s=2.
(b) The theorem by Noether mentioned in the Introduction is an
analogue of Theorem 1.8 for polynomials. In [13], Schmidt gives a quan-
titative version of this result. The proof he gives uses the fact that a polyno-
mial f in K[X1 , ..., Xs], of degree d, is reducible if and only if X d&20 fhom ,
where fhom is a homogenization of f, is a product of two polynomials of
degree d&1. In the notation above, this means that Z _ div(X d&20 ) has a
non-empty intersection with the image W of the map .: PMd&1_PMd&1 
PM2d&2 corresponding to taking the union of two hypersurfaces of degree
309REDUCIBILITY OF HYPERSURFACES
d&1. Using resultant systems, Schmidt shows that W is defined by equa-
tions of degree at most k2k, where k=Md&1+1. The method used in this
paper shows that the degree of W is at most f (d&1, 2d&2)4k.
(c) It is worth noting that the method presented in this article
generalizes to higher codimension integral closed subschemes, using Chow
divisors [6].
(d) Proposition 1.6 and Theorem 1.8 have analogues for hypersur-
faces in P(E), where E is a locally free OSpec(R) -module of rank s+1. The
proof of 1.6 only needs to have PMxR replaced by P(Sym
x(E6)). For the
analogue of 1.8, we need a Hermitian metric on E in order to define a
height. Although the key idea in the proof remains the same, there are
additional difficulties due to the fact that there is no canonical choice of a
metric on E. See for example [4, Section 2] for how the choice of a metric
changes the height.
2. THE PROOF
Proof of Theorem 1.8. Let ,n , Wn , and Z$ be as defined in Remark 1.6.
The set of closed points [Q1 , ..., Qv] forms the support of the intersection
of Z$ and Wn . Consequently,
:
v
j=1
log |k(Q j)|= :
v
j=1
log N(q j)=hK ( |Z$ & Wn | ).
By the arithmetic Be zout theorem [2, 5.5.1.iii], we have
hK ( |Z$ & Wn | )hK (Z$) degK (Wn)+degK (Z$) hK (Wn)
+ 12[K : Q] degK (Z$) degK (Wn)(Md+1) log(2).
Note that, in general, we do not have dim(Z$)+dim(Wn)Md+1.
Consequently, we cannot use the straightforward arithmetic analogue of
the Be zout theorem, found in [2, Theorem 5.4.4]. We therefore use
Theorem 5.5.1.iii of [loc. cit.], which gives a similar result without impos-
ing this inequality.
By the definition of Z$, its degree degK (Z$) equals one. The other terms
involved on the right are bounded as follows:
(1) hK (Z$)hK (Z)+
1
2
d[K : Q] log(s+1)
(2) degK (Wn)=
1
1+$n, d&n \
M1+M2
M1 +
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(3) hK (Wn)
[K : Q]
1+$n, d&n
M1+M2+1
2 \
M1+M2
M1 +
_log \(d+1)3(s+1) (M1+1)(M2+1)M1+M2+1 + ,
where M1=Mn and M2=Md&n , leading to the result of the theorem.
Proof of (1). If the hypersurface Z in PsR is of the form div(P) for a
primitive polynomial P in R[X0 , ..., Xs] with coefficients ai (0iMd),
then Z$ is the point of PMdR (R) with coordinates ai and
hK (Z$)= 12 :
_: K/C
log \:i |_(ai)|
2+
[2, 4.1.2 and (3.1.6)]. For each embedding _: K/C, let P_ be the polyno-
mial obtained from P by replacing the ai by _(ai). Let S 2s+1/Cs+1 be the
unit sphere and S 1: /C the circle of radius : :=(s+1)
&12. For each
_: K/C, a simple computation shows that
(2?)s+1 (s+1)&d :
i
|_(ai)|2=|
S1:_ } } } _S
1
:
|P_(z)|2
dz0
iz0
} } }
dzs
izs
|
S 1:_ } } } _S
1
:
max
z # S 2s+1
|P_(z)|2
dz0
iz0
} } }
dzs
izs
=(2?)s+1 max
z # S 2s+1
|P_(z)| 2,
hence i |_(ai)|2(s+1)d maxz # S2s+1 |P_(z)|2, giving
hK (Z$) 12 d[K : Q] log(s+1)+ :
_: K/C
log( max
z # S 2s+1
|P_(z)| ).
Let dv be the unique U(s+1)-invariant probability measure on S 2s+1; by
[2, (1.4.5)], we have, for each _: K/C,
log( max
z # S2s+1
|P_(z)| )|
S2s+1
log |P_(z)| dv+
d
2
:
s
a=1
1
a
.
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Setting _x :=(12) xk=1 
k
a=1 (1a) for any positive integer x and _0=0,
we have, moreover,
:
_
|
S 2s+1
log |P_(z)| dv=hK (Z)+d[K : Q](_s&1&_s)
=hK (Z)&
1
2
d[K : Q] :
s
a=1
1
a
by [2, 3.3.1 and 4.1.2]. This, together with the two previous inequalities,
leads to inequality (1).
If Z is not of the form studied above, there exists a finite field extension
K$ of K, with ring of integers R$, such that ZR$ is defined by a single
primitive polynomial, whence we have the inequality
hK$(Z$R$)hK$(ZR$)+ 12 d[K$ : Q] log(s+1).
As both Z and Z$ are defined over R, this inequality is just (1) multiplied
by [K$ : K] on both sides. K
Proof of (2). To determine the degree of Wn , let us first introduce some
notation. Let M :=Md , PN :=PNK for any positive integer N, and let
fi : PM1_PM2  PMi be the projection on the i th component (i # [1, 2]). In
terms of an intersection number, we have
degK (,n) } degK (Wn)
=degK (c1(OPM (1))M1+M2 } [(,n, K)* (P
M1_PM2)])
where c1(OPM (1)) is the first Chern class of OPM (1). By the projection
formula, this is also the degree of
c1(,*n, KOPM (1)) M1+M2 } [PM1_PM2]. (4)
As ,n*OPM (1)= f 1*OPM1(1) f 2*OPM2(1), by the functoriality of c1 , the first
factor in (4) equals
:
M1+M2
i=0 \
M1+M2
i + f 1*(c1OPM1(1)) i f 2*(c1OPM2(1))M1+M2&i
=\M1+M2M1 + f 1*(c1OPM1(1))M1 f 2*(c1OPM2(1))M2,
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as (c1OPMi (1))n=0 for n>Mi (i # [1, 2]). Therefore
degK (,n) } degK (Wn)=\M1+M2M1 + } degK PM1 } degK PM2
=\M1+M2M1 + .
The degree of ,n equals 2 if n=d&n, and 1 in all other cases, concluding
the proof of (2). K
Proof of (3). By [2, 4.1.2], we have
hK (Wn)=hF (Wn)&[K : Q] _M1+M2 degK (Wn),
where hF (Wn)=deg@ (c^1(OPM (1)) M1+M2 | Wn) denotes the Faltings height of
Wn associated to the standard Hermitian metric on RM+1, i.e., the height
associated to the linebundle OPM (1) endowed with the standard (Fubini
Study) metric [2, 3.1.2.3]. By [2, Proposition 2.3.1], we can also compute
this Faltings height using the intersection pairing on PM1_PM2, as
degK (,n) hF (Wn)=deg@ (c^1(,n* OPM (1))M1+M2+1 | PM1_PM2)
=h,*n OP M (1)(P
M1_PM2), (5)
where the metric on ,n*OPM (1) is the pullback under ,n of the standard
Hermitian metric on OPM (1). Thanks to [2, Proposition 3.2.2], we can
bound this height using another metric on ,n*OPM (1). In particular, let
f i*OPMi(1) for i=1, 2 denote the linebundle f i*OPMi(1) endowed with the
pullback of the standard Hermitian metric on OPMi(1), and let \$ denote the
corresponding product metric on ,n*OPM (1)= f 1*OPM1(1) f 2*OPM2(1). The
associated height of PM1_PM2 is defined to be
h(,*n OPM(1), \$)(P
M1_PM2)
:=deg@ (c^1(,n*OPM (1), \$)M1+M2+1 | PM1_PM2).
Let & }& (resp. & }&$) denote the norm associated to \ (resp. \$), and define
: (PM1_PM2)(C)  R by (& }&$)2=exp() & }&2. By [2, loc. cit.], we have
degK (,n) hF (Wn)&h(,n*OPM (1), \$)(P
M1_PM2)
= 12 :
i+ j=M1+M2
|
P M1_PM2(C)

} c1(,n* OP M (1)) i c1(,n*OPM (1), \$) j.
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As the first Chern forms are positive, it follows from [1, Lemma 2.6(ii)]
that each term of the sum on the second line is bounded from above by
|
P M1_P M2(C)
 } c1(,n* OPM (1))M1+M2
 :
_: K/C
sup
z # (P M1_P M2)_ (C)
_(z) } deg,n*OPM(1)K (P
M1_PM2)K
= :
_: K/C
sup
z # (P M1_P M2)_ (C)
_(z) } degK (,n) degK (Wn).
Consequently, degK (,n) hF (Wn) is bounded from above by
h(,n*OPM (1), \$)(P
M1_PM2)+
M1+M2+1
2
_:
_
sup
z
_(z) } degK (,n) degK (Wn).
As (,n*OP M (1), \$)= f 1* OP M1(1) f 2* OPM2(1), the height of PM1_PM2
associated to this Hermitian line bundle equals
deg@ ((c^1 f 1* OP M1(1)+c^1 f 2* OPM2(1))M1+M2+1 | PM1_PM2)
=\M1+M2+1M1 +
_deg@ ( f 1*(c^1 OP M1(1))M1 f 2*(c^1 OP M2(1))M2+1 | PM1_PM2)
+\M1+M2+1M2 +
_deg@ ( f 1*(c^1 OP M1(1))M1+1 f 2*(c^1 OPM2(1))M2 | PM1_PM2).
By [2, (2.3.19)], this equals
\M1+M2+1M1 + degK (PM1) hF (PM2)
+\M1+M2+1M2 + hF (PM1) degK (PM2),
where, as before, hF (PMi) denotes the Faltings height for the standard
Hermitian metric on RMi+1. It follows by [2, (3.3.2)] that
h(,n*OPM (1), \$)(P
M1_PM2)
=\M1+M2+1M1 + [K : Q] _M2+\
M1+M2+1
M2 + [K : Q] _M1 .
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To determine , let us first introduce some notation. Given a homo-
geneous polynomial F in C[X0 , ..., Xs] of the form (i) c(i) X i00 } } } X
iS
s , let
L2(F ) :=((i) c(i) c(i))12. For each embedding _: K/C and (a, b)=
((a0 : } } } : aM1), (b0 : } } } : bM2)) in (P
M1_PM2)_ (C), we let fa (resp. gb) be
the homogeneous polynomials in C[X0 , ..., Xs] of degree n (resp. d&n)
with coefficients ai (resp. bj). Given a section s of OPM (1), we have
&,n*(s)&_ (a, b)=|(_s)(,n(a, b))| L2( fa gb)&1
&,n*(s)&$_ (a, b)=|(_s)(,n(a, b))| L2( fa)&1 L2(gb)&1.
It follows that exp(_(a, b))=L2( fa gb)2 L2( fa)&2 L2(gb)&2. From the
results of [9, p. 61] we can deduce that _(a, b)3(s+1) log(d+1) for all
(a, b) as above, in particular,
sup
z
_(z)3(s+1) log(d+1)
for all _: K/C. Combining the results obtained in this proof, we find that
hK (Wn) is bounded from above by
[K : Q]
1+$n, d&n
M1+M2+1
2 \
M1+M2
M1 +
_\log(d+1)3(s+1)+ :
M1+1
a=2
1
a
+ :
M2+1
b=2
1
b
& :
M1+M2+1
c=2
1
c+ ,
which leads to inequality (3) when we bound the sums by integrals. K
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